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¢,=8, 5, 7,10; «v,=2, 4, 7, 8, 9, 10; 
¢,—4, 5, 6, 7,10; 3, 4, 5, 8,10; 


For modulo 17, 35a;=2;. Hence 


9; 2,=—2, 5,7, 8; 3, 6, 7, 8; 
, 8 10; 5, 6, 9,10; x,=—2, 4, 5, 8, 9,.10. 


The values of the x: common to the three sets are 


Modulus 19 excludes x,=2, k=16; 7;=5, k=7;2,=5, k=8. Modulus 23 ex- 
cludes +, =8, k=7; 7,=7, k= —7. Of the two remaining values, * 
gives k=107, 1=6k+2—644, whence 


Q=(13799)*, m:—n=13799, n,+n=16745, n,=15272, 
n=1473, 1--26n=38299, 1+-26n,—397073, 


the two prime factors of a. 
3. We next determine the composition of 


567-1 56°-1 
b=31401724537—= =1+56N, 

By Fermat’s theorem, a prime factor p of b has the form 14k+1 and 
hence 561+1, +15, +29, +48. The second and third forms are excluded by 
Legendre’s table of divisors of quadratic forms, or as follows. If »=56/+ 
15, 2 is a quadratic residue of », and 7 a non-residue, in view of the reci- 
procity law. Thus 14 is a non-residue of p, contrary to 56° =56(mod. p). 

If b=pq, then g=1(mod. 14), gq=1+14k,;. Thus 


k+k,+14kk, =4N=4.57 +56? +1). 
Hence k+k, =4(mod. 14), so that 


(3) k+k,==4+14h, kk, +h=16.57(56* +56) +16. 


First let k=41+38, so that p=561-+43. By (8), ki +3=2h, 3k,+h=0 
(mod. 4), whence k, =h=3(mod. 4). Set h=4t+3, k,=—41,+3. Then by 
(3), 


*For x,=10, k=367——10(mod. 29), Q=8, a quadratic non-residue of 29. 


5, 6, 7, 8; 
2, 5, 7, 9, 
| 
3, 5 
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1+1,=14t+10, +48t=4.57 (56° +56) —29. 


By the latter, t=1(mod. 4), t=4c+1. Hence 
—l)?=S=16(7e+8) ? +48ce+ 18—57 (56° +56). 


Thus S=8c+2(mod. 8).- If c¢is odd, S=1, c=5(mod. 8). Ifcis even, S 
must be a multiple of 4, whence c=2(mod. 4), c=4m+2, 4S=43m(mod. 32). 
If m is odd, then m=3(mod. 8). If m is even, then m=4r, and 7,;S=3r 
(mod. 8), so that either r is a multiple of 4 or r=8(mod. 8). Hence we 
have the cases 


(4) c=5(mod. 8), c=32w+14, 64w+2, 128w+50. 


Modulo 81, S is the product of 16 by S’=49c?+70c+15. In particu- 
lar, S’=c*+c(mod. 3). Thus c=0 or 2(mod. 3). If cis a multiple of 3, S’ 
must be a multiple of 9, so that c=3+-9d, S’=9(4d+2), mod. 81. Thus, 4d 
+2=0, 1, 4, 7(mod. 9), d=4, 2, 5, 8. Next, if c=2+3¢, S’'=6e(mod. 9), 
e=3f. Thus S’'=9(5f+38), mod. 81, f=2, 3, 5, 8(mod. 9). Hence 


(5) c=20, 21, 29, 39, 47, 48, 74, 75(mod. 81). 


S=4c? +3, c=+2(mod. 5); S=c+1, c=0, 1, 3, 6(mod. 7); 

S=16(5c?+3), c=0, +2, +3(mod. 11); 

rs 4(c?+1), c=0, +8, +4, +5(mod. 13); 
S=2[(c—4)*—2], c=2, 3, 4, 5, 6, 10, 11, 14, 15(mod. 17). 


By the tables cited, b has no factor <10*. Thus, 1+14k = 9999, 1+ 
14k, < 3140172. Hence k2 714, k, <224298, 1 2.178, 1,<56074. The sum of 
the latter gives the maximum /+1,. Thus t<4018, c<1004. Since just 
exceeds 177205, the approximate value for equal k’s just exceeds 12657. 
Thus the equal /’s just exceed 3164. Hence t 2 451, c>112. 

For the first case under (4), we set c=81a7+20, .,., 75, by (5). Thus 


5=2-+4, 5, 5, 7, 7, 0, 2, 3; x=1, 0, 0, 6, 6, 5, 3. 2(mod. 8). 
The resulting values of c between 112 and 1005 are 


525, 669, 749, 885, 965; 533, 237, 677; 453, 317. 


The first five are excluded by mod. 5, the next three by mod. 11, the last © 
two by mod. 7. 


¢ 


For c=32w+14, 4 < w < 30 by the limits one. By (5), 


w=66, 23, 3, 59, 39, 77, 12, 50(mod. 81), 


respectively. Hence w=23, 12. But 23 is excluded mod. 5, and 12 mod. 17. , 
For c=64w+2, 2<w<15. But w=0, 4(mod. 5), w=0, 1, 2, 5, 8 
(mod. 11). Hence w=5, c=322=79(mod. 81), and is excluded by (5). 
For c=128w+50, 1<w<7. By (5), w=8, c=484, excluded mod. 5. 
4, It remains to determine whether or not 6 has a factor1+56n. The 
complementary factor is of the form 1+56n,. Hence 


n+n,+56nn,=N. 
By inspection, N =1(mod. 56). Hence there is an integer / for which 


n+n,=B6l+1, nn, 
(n, —n)*=S=(561-+1)? +41—4€. 


Modulo 56, S=4/—3. Thus S=1(mod. 8), /=1(mod. 2), /=24+1. 
Also S=4+1(mod. 7), 4=0, 1, 3, 6(mod. 7). We have 


S=112°? +8.1597 40049967. 


Modulo 81, S is the product of 112? =—11 by *=/?+24+15. The lat- 
ter must be a quadratic residue of 81. In particular, 4+1=+1+3t. Then 
*=6+6t(mod. 9); thus ~==0(mod. 9), t= +1(mod, 3), 4+1—+42+9f. Then 
«=9(244f), mod. 81. Thus 2+4/f is one of the quadratic residues 0, 1, 4, 
7 of 9, whence + f=5, 7, 4, 1(mod. 9). Hence 


4=6, 19, 33, 37, 42, 46, 60, 73(mod. 81). 

AS = (4+2)*—2, 4=2, 4(mod. 5); 

S=4[(4+2)?+4], 4=2, 5, 8, 9, 10(mod. 11); 
S=25[(4-5)*—3], 4=0, 1, 3, 5, 7, 9, 10(mod. 18); 
8S=(4+2)*-9, 4=+1, —2, +3, —5, 6, +7(mod. 17). 


Since b has no factor <10*, n>178, n; <56075. The maximum n+n; 
is approximately 56253, whence /<1005, 4<502. The minimum n+n, 
is given by n=n,=8165—. Hence! 113, 4256. From the above residues 
moduli 81 and 5, 


A=405t+19, 37, 42, 87, 114, 127, 154, 199, 204, 222, 249, 262, 289, 357, 384, 397. 


| 


222 


For the first three t=1; for the fourth t=0, 1; for the others t=0. Of the 
17 resulting values of 4, 114, 222, 249, 289, 397, 424, 492 are excluded by 
mod. 7; then 127, 154, 199, 204, 447 are excluded by mod. 11; 262 and 357 
by mod. 18; 87 and 442 by mod. 17; for the remaining value 4384, S=21 
(mod. 23), whereas 21 is a quadratic non-residue of 23. 

Hence b=;'5(567—1) is a prime. 

While it is believed that the above work is accurate, having been care- 
fully checked, it should be added that the same result was found by an earlier 
proof different as to details. 

5. By the same method, I obtain the following results: 


567 +1=83.19.15737. 1925393, 
34'*+1=5.7.307. 443. 1531. 28051. 112643. 4708729, 
521* +1=53.4057. 21841. 4328028093013, 


all of the given factors being prime. That the last number of 13 digits is 
prime, I have verified by two proofs differing as to details. The factor 
21841 was found by accident by Lt. Col. Cunningham. I ran across the fac- 
tor 112643 of the second number in the manner explained in the Quarterly 
Journal, 1908, page 45; but the remaining two large factors were found by 
the present method. 

6. In view of the interest in the numbers m”—1 and their importance 
in connection with the last theorem of Fermat, it is desirable that some 
arithmetician should check the statement of E. Lucas (American Journal of 
Mathematics, Vol. 1, 1878, p. 294) that the large factors of 10 and 12 digits 
in 22''+1 are actually primes. For a verification by the present method it 
is of the greatest help to know that there are no factors less than 10,000, in 
view of the tables by Lt. Col. Cunningham. The latter believes that Lucas 
intended to record his factors as primes; but that an uncertainty runs right 
through his factorizations as to the primality of the factors, no clue what- 
ever being given as to how the primality was detected. 


FACTORING IN A DOMAIN OF RATIONALITY. 


By ELIZABETH R. BENNETT, The Universtty of Illinois. 


If aseries of symbols R,, R., ... which are supposed to obey the or- 
dinary laws of algebra, but are not necessarily thought of as representing 
numbers, are combined with respect to the four fundamental operations of 
arithmetic—addition, subtraction, multiplication, and division, division’ by 
zero being excluded, there result a series of expressions which are rational 
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with respect to these symbols. The totality of such expressions is called a 
domain of rationality and it is the smallest possible domain involving the 
symbols R,, Re, ... 

If only one of these symbols as R, is involved in the combinations and 
if R, is a rational number different from zero, the domain of rational num- 
bers including zero, positive and negative integers, and positive and nega- 
tive rational fractions is obtained. This domain of rational numbers is in- 
eluded in every domain. The complex numbers of form a+6i, where a and 
b are rational numbers and i:=;/-—1, also constitute a domain of rationality 
which includes the domain of rational numbers. 

When we add or adjoin to a known domain a number / which does not 
already belong to it, the new set of numbers constitutes a domain, if we al- 
so add to it all numbers obtained from additions, subtractions, multipli- 
cations, and divisions involving 7 and all numbers of the original domain. 
The domain of the ordinary complex numbers already mentioned may be 
formed by the adjunction of 7 to the domain of rational numbers. 

An algebraic integer is a root of the equation 


1+ +a,=0 


where 1, Qe, ..., @ are rational integers. An algebraic quadratic integer 
is a root of the above equation when n=2. All algebraic quadratic integers 
are of the form x+y)/m when m=2 or 8 (mod. 4), and of the form 
x+y tem when m=1 (mod. 4). It is assumed that m is not divisible by 
any square greater than 1 and that x and y are integral. 

The term integral domain is understood, as usual, to mean a set of in- 
tegral elements which is invariant with respect to addition, subtraction, and 
multiplication; that is, any combinations of the numbers of the set by the 
operations mentioned yield again a number belonging to the set. An inte- 
gral algebraic domain is then an integral domain formed by the adjunction 
of an algebraic integer to the ordinary integral domain. 

In the ordinary integral domain the theorem that a number can be 
resolved into its positive prime factors in only one way is fundamental. 
That the above theorem is not valid in all domains is well known and may 
be easily shown by anexample. For instance, 6=2 x 3=(1+)/ —5) (1-1 —5), 
the factors of each product being primes in the domain considered. It was 
in order to avoid such possibilities in factoring, as indicated by the above 
example, that the theory of ideals was created. 

It is also generally known that numbers prime in one domain may be 
composite in another. For example, in the ordinary integral complex 
domain every rational prime of the form 4n+3 is a complex prime and every 
rational prime of the form 4n+1 is composite. 

In the Nouvelles Annales de Mathematiques for 1903, M. G. Fontené 
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has considered algebraic integers of the form «+y)/—5. In this article it 
is shown that factoring in the domain of the numbers x+y)/--5 is 
not unique, but if the domain is enlarged so as to contain numbers of the 
V2 
The relation which exists between factoring in a quadratic complex 
domain and the number of classes of quadratic forms corresponding to the 
domain has been considered by A. E. Westun in ‘‘Certain Systems of Quad- 
ratic Complex Numbers,’’ Transactions of the Cambridge Philosophical So- 
ciety, Vol. XVII, 1899. In both of the articles mentioned, factoring is not 
restricted to operations in an integral quadratic domain. 

From the previous definitions and illustrations which are quite gener- 
ally known, it is evident that an integral algebraic domain can be found by 
the adjunction of )/—6 to the ordinary integral domain. This integral alge- 
braic domain will be denoted for brevity by the letter 2, and some of the 
properties of numbers in the domain will be considered with special refer- 
ence to factoring. 

We now prove the following theorem: 

THEOREM I. All ordinary primes of the form 24z+1 and 24z+7 are 
composite in 2, 

From the theory for binary quadratic forms, it is known that D, the 
determinant of the form, must be a quadratic residue of m, where m is the 
number to be represented by the form. The number —6 is a quadratic res- 
idue of primes of the form 24z+1, 242+7, 24z+5, and 24z+11. There are 
only two reduced forms for D=—6, namely, «?+6y? and 27*+3y?. The 
form 2x?+3y* will not give complex factors in 2, and so need not be con- 
sidered. Then all ordinary primes which are composite in 2 must be repre- 
sented by +6y’. 

If m is the prime to be represented, m=a*+6y* and, therefore, «? = 
m (mod. 6). «?=1 (mod. 6), but x* is not congruent to 5 (mod. 6) and, 
therefore, all ordinary primes represented by x*+6y? are of form 24z+1 
and 242+7 and only primes of these forms can be factored in 2. 


form factoring becomes a unique process. 


(l-y —6) (1+ —-6)=7; —6) —-6) =81. 


THEOREM II. Primes of the form 24z+1 and 242+7 can be resolved 
into their complex prime factors in only one way in ©, 

There are four representations of «?+6y? which give the same prime 
m. There are two solutions of the congruence n? =—6 (mod. m), and two 
substitutions transforming x«*+6y* into an equivalent form. Therefore, a 
prime number ‘can be represented by «*+6y*? -in only one way and 
consequently primes of the form 24z+1 and 24z+7 can be resolved into 
prime complex factors in only one way in 2, 
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THEOREM III. In order that a composite rational integer may be re- 
solved into complex factors only in ©, it must be of the form, m=a™b® cr d° , 
where a represents primes of the form 24z+1 and 24z+7, and (2) the number 
of primes in a; b represents primes of the form 242+5 and 242+11 and (8) 
the number of primes in b; c=2, d=, (#)+7+°¢ is an even number and 7+é 
> (4). 

The determinant of this form, that is, —6, must be a quadratic resi- 
due of any composite number m properly represented by x* +6y’* and, there- 
fore, must be a quadratic residue of every prime factor of m. x?+6y?=m, 
or m must be a quadratic residue of 6. The number —6 is a quadratic resi- 
due of primes of the form 242+1, 242+7, 24¢+5, and 24z+11. Primes of 
form 24z+1 and 242+7 are quadratic residues of 6, while primes of the form 
24z+5 and 24z+11 are non-quadratic resides of 6.. Then any number m= 
ab® is properly representable by «?+6y’*, or may be resolved into complex 
factors only in 2, (#) being even, since an even number of non-quadratic 
residues is a quadratic residue. We have the following equations: 


(I). —8) (2 


(II). Then 2(2x°+38y?) =) —3)./2(ay —3) 
—6) —6)=(z+yrV —6) —6). 


(III). Also, —2)./3(yy —2) 
= (8y+a/ —6) (By—aV —6)=(z' —6) -6). 


The primes 2 and 3 are not represented by «*+6y® and are not prop- 
erly represented by 2x°+3y*?. Equations (II) and (III) then show that 
neither 2”, 3°, nor 2” 3° are properly represented, or have complex factors in 
the domain 2, Primes of the form 24z+5 and 24z+11, however, are prop- 
erly represented by 2x*+38y? and an inspection of equations (II) and (III) 
will show that the product of any such prime b by either 2 or 3 will give a 
number having complex factors in, Since neither 2”, 3° nor 2” 3° have 
complex factors in 2, but 2b and 3b have such factors, 7 +4 cannot be greater 
than (3), (%)—7v+4 must be even since all primes of form 242+5 and 24z+11 
are non-quadratic residues, (mod. 6). Therefore, (7)+7+8 must be an 
even number. 

THEOREM IV. Any composite rational integer m==a™b cy d® repre- 
sentable by the form x*+6y® can be resolved into its prime complex factors in 
more than one way provided it contains at least two different prime factors 
of the form 242+5 and 24z+11, so that (4)—(r+°) <4. 

Let Kx represent the composite rational integer, « representing the 
product of prime factors of form 242+5 and 24z+11, K the product of all 
other prime factors. K can be resolved into its complex prime factors in 
only one way because primes of form 242+1 and 24z+7 are resolvable into 
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complex factors in only one way and 2’, 3°, or 2” 3° have no complex factors 
in the domain. It is also evident from the previous theorems that no prime 
of the form 24z+1 and 242+7 combined with either 2 or 3 or with a single 
prime of the form 24z+5 or 242+11 can be resolved into complex factors on- 
ly in Q, 2b and 8b, where b is any prime of form 24z+5 and 24z+11, can 
be resolved into complex factors in only one way since 2 and 3 have no com- 
plex factors in.Q, From these statements, it is clear that the factoring in 
different distinct ways must depend only on the factors of x. 

A number «x can be represented or resolved into its complex factors 
in Q in 2¥-1 ways where w represents the number of different prime factors 
of x. These w—1 representations will be distinct, since primes of form 
24z+5 and 24z+11 are also primes in the domain 2, © 


NOTE ON THE STEINER POINT. 


By W. GALLATLY, Swanage, England. 


Let ABC be the mid-point triangle, and PQR the pedal triangle of a 
given triangle A’B’C’, so that AP is parallel to BC, and AQ=AR=BC=a : 
(a>b>c). And since rq is antiparallel to BC, 2 Argq=C, 2 Aqr=B. 

Describe a circle around AAqr. This touches AP since 2 Arq=C = 
Z CAP, and therefore the center O' lies on the perpendicular from A on BC. 
Join Ap, cutting the circle ABC in S. Then S is the Steiner point of the 
triangle ABC. 

Since q, C, B, r are cyclic, pg.pr=pC.pB=pS.pA. Hence S lies on 
the circle Agr. To find the radius, p, of this circle, we have Aq=2 p.sinArq 
=2 p.sinC. Also Aq=AR.—— 4=2Rsina where R is the radius of 

2 
the circle ABC. Therefore p=RG. 

To determine the length of AS. 

In the triangle OAO’, OA=R, O'A= 
R.a?/be, ZOAO'= ZC, and 00"*=0A?+ 
O'A* —2.0A.0'A.cos Z OAO’. 

ut cosB cosC = 4a*be , sinB sinC 
4a®be’ 
of the triangle ABC. 


Hence, —...= where e is the ec- 


where A® is the square of the area 


centricity of the Brocard ellipse, and is the Brocard angle. 
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Hence OO'=3.ae.cosec». But 


To determine the length of BS. Since AS is the radical axis of the 
two circles, we have 2.00’ times the perpendicular from B on AS equals the 
power of B for the circle Aqr, that is, equals BA. Br. 


Hence 2.00'.SBsinC=c.BQ.2"2 —b.Rsin(A—C). So that SB= 


*sinC 
2Rsin » b (a®—c*) _ 2Rsin » (a? —b?) 
Hence the point S is unique, and its trilinear coordinates are 


1 1 1 


Therefore the circles described with radii R.ac/b® and R.ab/c* to touch 
BQ and CR, respectively in B and C, will also pass through S. 

The feet of the perpendiculars from S on the sides of the triangles 
ABC and PQR are collinear. Let these feet be represented by x, y, z, x’, 
y’, 2. The diagram shows that y, z, and x’ are on the Simson line of S for 
the triangle Agr. Drawing the second circle, touching BQ in B, we see 
that z, «, and y’ are collinear, and likewise for x, y, and z’. 

Hence the six points are collinear. 

The distances SP, SQ, SR may be readily found. Let 7SAP=#, 


An _ Rsin» a (b?—c?) 


be_sine 


Then sin “=cosO’'An= 
e a 


Hence SP=2RSsin o—2Rsin 

If p be the perpendicular from S on the Simson line of S for ABC, 
and if SA, SB, SC make angles -, 3, y with the diameter through S, it is 
known that 


p=2 R.cos 4.cos 3. cosy 


- 


GA SB SC _ sin  \8(b* —c*) (a? (a? —b?) 


And for the triangle PQR, p'=2R. -¢*) ) (a? —b*) 


Therefore, p=p’, as already demonstrated. 
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DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


300. Proposed by J. F. LAWRENCE, A. B., Professor of Mathematics, Stillwater, Okla. 
If «, 8, y, ..., are the roots of the equation sinmaz—nx cosmx=-0, prove 


that + tan +...+ tan = =0, 


Solution by B. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 


This is problem 16, p. 328, Loney’s Trigonometry. The problem is not 
clearly stated. Ina letter December 2, 1908, from the author, he says he 
cannot now recall what he had in mind when he proposed the problem. As 
the problem reads, one would infer that if any ” roots of the given equation 
be taken and arcs formed whose tangents are any number, 2, divided by 
these roots, the sum of these arcs is zero. But this is manifestly incorrect. 

There is one way in which the statement is correct, viz: Suppose 
sinmx and cosmz be leveloped in series. The given equation then becomes 


(m—n)x+m?* me ad infinitum =—0...(1). 


One root of this equation is 0. Dividing the equation by x, we obtain 


The roots of this equation, of which there are an infinite number, en- 
ter in pairs with opposite signs. Thus if 4, 3,7, ... are roots, so are —4, —#, 
—y, ..., since the left hand member is an even function of x. Then, if the 
root, 0, is excluded, and if no are exceeds, in absolute value, * radians, we 
have 


tan + + + + tan", =0. 


The statement is also true if we take any ”/2 pairs of roots. 

If v is increased indefinitely so that all roots except 0 are included, 
the statement, that the sum of the ares=n'z, may be shown to be true, as 
follows: We have 


228 
n m nN m 
(m—n) +m 3 m 5 0... (2). 


‘in 


tan [tant + tan} tan +... 


=0...(3); for 


The numerator of this fraction is the sum of the roots taken one less 
than all at a time, and is therefore equal to the coefficient of x which in 
equation (2) is zero, and the denominator is the product of the roots which 
in (2) is the known term, m—n. Hence, x4—0, Similarly, = isa frac- 
tion whose numerator is the sum of the products of the roots taken three 
less than all at a time, and is therefore the coefficient of x* in (2), which is 


0. Hence, 2 5-=0. Similarly, for the other terms of the numerator of 


(3). From similar considerations, 


Hence, tan (tan) =0. Hence, = tan =n's where is any 


integral positive or negative number. 
Also solved by G. B. M. Zerr, and V. M. Spunar. 


301. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


A is at Philadelphia, B at Chicago. A’s personal equation is e; B’s is 
E. When a star crosses A’s meridian at time t,=8 hours, 33 minutes, 24 
seconds, he presses a button, telegraphing the fact to B, who receives it at 


- time t,=7 hours, 43 minutes, 23 seconds. When it crosses B’s meridian at 


time 7,=8 hours, 33 minutes, 10 seconds, he telegraphs A, who receives it 
at time T,=9 hours, 23 minutes, 11 seconds. They now exchange places, 
and on the second day following, B observes the transit at time t’ , =8 hours, 
33 minutes, 26 seconds, and A gets the information at Chicago at time t’, = 
7 hours, 43 minutes, 25 seconds. It crosses A’s meridian at time 7’ ia 
hours, 33 minutes, 12 seconds, and B gets the information at time 7’ ,= 

hours, 23 minutes, 13 seconds. Find the difference of longitude ot 
Philadelphia and Chicago. 


Solution by the PROPOSER. 


The true times of the two transits at Philadelphia are t, +e and 7). 
Hence, difference of time between Philadelphia and Chicago is 
D=T, + =, (1). 


is 
ed, 


The true times of the two transits at Chicago are T,+£ and fy. 
Hence. D=T, +E-t,... (2). 

(1)+(2) gives 2D=7,+T,—t, -—t,+E—e... (38). 

te Similarly, when A and B have changed places, 2D=7',+T7,—-t';—-t’; 
—E-+e... (4). 


+(3) + (4) gives D=}(T, +T, +T’, +T, —t'; —t';). Substitut- 
ing the values of the 7’s and t’s, we have 


D =3(8 hours, 19 minutes, 8 seconds) =49 minutes, 47 seconds, and 
L=15D=12° 26’ 45”, the difference of longitude. 
Also solved by V. M. Spunar. 


GEOMETRY. 


335. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 


Determine analytically, the point where three lines in a plane appear 
of equal length. 


Solution by the PROPOSER. 


In the most general solution we can take the rectangular axes of co- 
ordinates so that the axis of abscissas agrees, in direction, with one of the 
lines. Let this line be given by (0, 0); (a, 0); the second and third lines 
are then represented by the coordinates (b, c); (d, f), and (h, k); (m, n), 
respectively. Also let (xz, y) be the point where they appear equal. The 
tangent of the angle formed by the lines through (x, y); (b, c) and (a, y); 


(d, f) is 
ed —bf + (f-c)u+(b—d)y 
(e—y) (f—y) bd+cf— (b+d)a—(e+f )y+ta? 
+7 
(b—2x) (d—x) 


With similar expressions for the other lines. 


ax—x*?—y*® 


km—hn+(n—k)x+(h-m)y 


(2). 


(f—c)x* + 
+ (abf—acd—2aby —cy*)x+ (abd+acf )y 
+(cd—bf- ac—af)y* +(a+b—d)y*=0... (3). 
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(n—k)x? + (km—hn +ak—an+hy—my-+-ay)x*® 
+ (ahn—akm —2ahy+ny* —ky*)x+(ahm+akn)y 
+(km—hn—ak—an)y’ +(a+h—m)y* =0... (4). 


(3) and (4) are the equations to determine «, y. 
I. Let c=f=k=n=0. Then the three. lines lie in the same straight 


line. 
(3) becomes (a+-b—d) (a*+-y?) = —abd... (5). 
(4) becomes (a+h—m) (x? +y?)=2ahz—ahm... (6). 
m(ah+bh+ bd) —d(hm+ab+bd) 
2(ah—ab—dh + bm) 7 
2a (b— h)x+a(hm— -bd) — (b— -d— 
b—d—-h+m 
Let a=b, h=d. Then the three lines form one consecutive straight 
line. 


38adm—d?m—a’?d—ad? 


="9(ad—a?—d?+am) 


-d)a +a(dm— -ad) —(a—2d +m) 
a—2d+m 


Let d=2a, m=3a. Then the lines are all of equal length. 

“.¢=0/0, and is indeterminate; y= o. 

Hence there is no point at which three equal straight lines forming a 
continuous straight line will appear equal to each other. 

II. b=a and c=0 in (8) gives 


( fe —2af+2ay—dy) (fx —2xy+dy) =0... (7). 
h=d, k=f, m=n=0 in (4) gives 


(fe—af—ay—dy) (x? +y*) +2ay(dx+fy) =0... 
The three lines now are the sides of a triangle. Thesolution of these equa- 
tions in general terms would be quite difficult, yet one can determine the 
values of x and y by the following method: Let wu, v, w be the distances 
from (x, y) to (0, 0); (a, 0), (d, f), respectively. ° Then we have 
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a®?+u?—v? ‘ (u® —ad) (a—d) +dv? +af? 


2af 


Also, u®+uv+v? =a?, 


3 
8) ’ 
i a®—ad+saf\ 3 The plus sign is applicable 
v (a? +d?+f? —adtaf\ 8) ’ to our solution. 


v (a? +d?+f* -—adtafy 8) ’ 


Let d==4a, and f=sa;/3. Hence, u=3a;)/3=v=w. Thus the values 
of x and y are determined, and equations (7) and (8) are solved. 


8ad*-+8af? 
Hence +? —ad-+tafy 3) 


when andf=say 3. 


/3-+af? /3+8a" : 


Also solved by C. N. Schmall. 


323. Proposed by W. J. GREENSTREET, Marling School, Stroud, England. 


S, S' are the foci of two co-vertical parabolas A and B, the axes of 
which are at right angles. Draw the circle K on SS’ as diameter. K is cut 
in D and E by a straight line parallel to the axis of A such that S’ lies 
midway between it and that axis. Show that the lines S’D, S’E are parallel 
to the two tangents to A which are normals to B. 


II. Solution by (1) PROPOSER, and (2) R. F. DAVIS, M. A. 


I’. The axis of B is the tangent at the common 
vertex V to A. Hence if PQ be normal at P to B, 
meeting the axis of B in Q, andif PQ is at the same 
time a tangent to A, it necessarily follows that SQ is 
perpendicular to PQ and therefore parallel to TP (the 
tangent at Pto B). Or, 

II’. S'T=S'P=S'Q (letters as above). Draw YS'D perpendicular to 
the parallels TP, SQ, and DM perpendicular to the axis of B (Y, of course, 
being on the tangent at V to B). Then S'M=VS’, and D is on the circle, 
SS’ diameter, since SDS'=90°. 
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Ill. Solution by the PROPOSER. 


The foci S, S’ of (A), y?=4axz, and (B) «*=4by, are, respectively, 
(a, 0), (0, 6), and the circle in question has as its equation x* +y? —ax—by=0. 

Since the common vertex V is (0, 0) and S’ is (0, 6), the point M in 
which DE cuts the axis of B is 0, 2b, and the line DE is y=2b. 

This cuts the circle where x? —axv+2b?=0...(1), giving Dand FE. If 
the roots of this be x, and x,, D, E are (x,, 2b), (a2, 2b), and S’D, S’'Ehave 
respectively, for their equations, 


ba—ax,y+x,b=0 and: 


The tangent at (at®, 2at) to A is x—ty+at?=0. 
The normal at (2bt’, at’*) to B is x+t'y—2bt —bt'*=0. 
—at® 

~ bt 
“.t=—t, and rejecting the bes t=t'=0 we have t?b—at+2b=0... (2). 
The roots of (1) and (2) are the same, and the property is proved. 
Perhaps Prof. Zerr will reconsider the solution he offers. 


These are the same line if 1= 


CALCULUS. 


263. Proposed by V. M. SPUNAR, M. S., C. E., East Pittsburg, Pa. 


Find a point such that the sum of the squares of its distances from 
given points shall be a minimum, and prove that the value so found is 1/nth 
part of the sum of the squares of the mutual distances between the n points, 
taken two and two. | 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


This problem is proposed and solved in Williamson’s Differential Cal- 
culus, 9th edition, page 192, Art. 157. 
Taking one of the points as origin, and the axes rectangular, let (a, 
y) be the coordinates of the required-point. Let (a,, b,); (@2, bs); (a3, bs); 
.» (dn—1, bn—1) be the coordinates of the other (n—1) points. Then 


+y? + +... 
+ +(y— or 


—An-1) dx + (ny—b, —... —bn-1) dy=0. 
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The point is, therefore, the center of mean position of the 7 points as 
stated. 


Also solved by J. Scheffer. 


264. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


The join of the center of curvature of a curve to the origin is at « to - 
the initial line. Prove that with the usual notation: 


d¢|\d¢ dy? d¢dy 
No solution of this problem has been received. 


265. Proposed by V. M. SPUNAR, M. and E. E., East Pittsburg, Pa. 

Find two curves which possess the property that the tangents TP and 

TQ to the inner one always make equal angles with the tangent TT" to the 
outer. 


No solution of this problem has been received. 


MECHANICS. 


219. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


A rod length a)/3, weight W, has at each end a smooth ring which 
can slide on a vertical circle radius r. Each ring is attached by an elastic 
string (natural lengths a, 6; moduli «a, » b) to the highest point of the circle. 
Find the inclination of the rod to the horizon in a position of equilibrium. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


In what follows we regard the strings as having no weight, and also - 
that both strings are in tension from the weight of 
the rod and rings, and the rod is above the center. 
of the circle. Let AB=a)/3=rod; AP=string a; 
BP=string 6b; O, the center of the circle, radius 
AO=r. Draw AK perpendicular to PO. Let m= 
weight of each ring; 2 AOB==2sin—(ay/3/2r); 
ZAPB="—%38; ZKAB=6=angle AB makes with 
the horizon; ZPAB=¢; PBA=%48—¢; T=ten- 
sion of string AP; T’=tension of string PB. When in equilibrium, W and 
the components of T, 7’ tangent at A, Bmeetina point. AP=a(1+T/ra) 
=(ea+T)/e, BP=(4b+7')/r, T=(4W+m)sin(¢—8). Let (4W+m)=Q. 

T=Qsin(¢—9), T’=Qsin(9+43—¢), 
sin(4#—¢)/sin ¢...(1). 

The values of 7 and 7” in (1) and (2) give 


a+Qsin(¢— 9) ]sin ¢=[+ b+Qsin(6+34 — ¢) ]sin(48—¢)... (3). 
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82a? 
a+Qsin(¢—9)] [4 b+ Qsin(9+45—¢) (4). 


Eliminating ¢ between (3) and (4) gives an equation to determine ?. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


152. Proposed by H. S. VANDIVER, Bala, Pa. 


When p is a prime of the form 5n+1 then there is a positive integer 


a such that a? =5(mod p). Show that = + , according as p 


is of the form 5n+1 or 5n—1. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


A general expression involving all cases is, apparently, not easily de- 
duced. The following cases hold. 

(1) Let n=2. Then p=5n+1=11. a=4, a=p—4=7, a=2p—7=15, 
a=3p—15=18, ete. 

(2) Let n:=4. Then p=5n—1=19, a=9, a=p—9=10, a=2p—10=28, 
a=3p —28=239, etc. 

(83) Let n=6. Then p=5n+1=31, a=6, a=p—6=25, a=2p—25=—387, - 
a=3p—37=56, etc. 

(4) Let n=8. Then p=5n+1=41, a=13, a=p-13=28, a=2p—28 


=54, a=3p—54=69, etc. 


(5) Let n=12. Then (b) p=5n+1=61; (c) p=5n—1=59. 

(b) a=26, a=p—26=35, a=2p—35=87, a=3p—87=—96, etc. 

(c) a=8, a=p—8=51, a=2p —51=67, a=3p —67=110, ete. 

For every value of n that makes 5n+1 a prime, we can find values for 
a satisfying the condition. It is also easy to see that a can have an infini- 
tude of values for each case. 

In (1), (3), (4), (5)(b), (a+1)!@-Y=(—2a)*#-) = —1(mod. p). 

In (2), (5) (a—1)'® Y=— =1(mod. p). 


= + ), in the cases examined, according as +1. 


A general solution is desired. Ep. F. : 


152. Proposed by H. S. VANDIVER, Bala, Pa. 


ant | where p=3(mod. 4) and 


represents the greatest integer in k/p. 
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Remarks by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


In the second term of the second member of the equation, bee 4) 
should be (p—3). The equation is generally but not universally true as is 
shown by induction in what follows. 

Let p=4m+8, then $(p—1) =2m+1, 4(p—3) =m, 


or as follows: A= B-C, 
m=2, 8= 10-7, 
m=3, T= 21-14, 
m=4, 11= 36—25, 
m=5, 18= 55—37, 
m=7, 34=105-71 


If one of the [n*/p] is an exact quotient, and hence one of the 
[1/(np)] rational, the equation is A=1+B-C. 


m=6, p=27, [9°/p]=3, (3X27)=9, 
m=15, p=63, 21°/p=7, (7X63) =21. 


“A=1+B-C, m=6...25=1+78—54, m=15...158=1+465—3818. 
If two of the [n?/p]. are exact quotients, and hence two of the 
[1 (np)] rational, the equation becomes A=2+B-C. 


m=18, p=, 15?/p=8, V/(3Xp)=15, 302/p=12, (12x p) =80. 


».A=2+B—C becomes 219=2+666—449 for m=18. A=t+B-C is 
the true universal equation. 


The geometric proof in this solution is wanting. Who can produce it? Ep. F. 
155. Proposed by PROF. R. D. CARMICHAEL, Anniston, Alabama. 


If p and q are primes and m and n are any integers, find the cases in 
which the equation p”—q"=1 may be satisfied. 


Remarks by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Some values, found by inspection, are given in the following table: 
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p q m 
3 2 1 
3 2 2 
2 1 1 
2 5 
2 7 


ERRATUM. In 156 for e® read e*. 


AVERAGE AND PROBABILITY. 


196. Proposed by R. D. CARMICHAEL, Anniston, Ala. 


A circle is inscribed in a square. Find the chance that the distance 
between two points within the square and without the circle shall not exceed 
a side of the square. 


Solution by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


Let 2a=side of square; (x, y), (u, v) the coordinates of the points; 
V (a?—2?)=y,, V (a®—u*?)=v,. If both points are in the same corner, the 
distance between them is always less than 2a. If both points are situated 
one each in opposite corners, the distance between them is always greater 
than 2a. If both points are placed one each in adjacent corners, we have 
V [(a—u)*+(y+v)*]=4a’, for the greatest distance between the points and 
V {(e—u)*?+[v (a? —u?)]*}=V [(@—u)*+(y+v)*], for the 
least distance between the points. 

[4a* —(a4—u)*] -y, (a* +1 (a? 


1.6 


a*(4—7) *+0+.16 f ae du dy dv 


Sia-v [a*—a*] — [a? —u*] }de du 


4, 
1S 
fe 


=f (a?—2*)] (Fv [4a? — [a? +2a*sin— 
0 2 2a 


=a" f (1—cos 9) [Asin (4—sin® 4) —§sin cos 
a 0 


(Tasin 0 1/)4—sin?¢) +2sin-1(4sin d 


.M=a4 + —0.6595495) =0.0412517a*. 


16M _0.6600272__ 
Ba*(4 — =)? 2.210850 2 


nearly, =.299. nearly. 


PROBLEMS FOR SOLUTION. 


ALGEBRA. 


208. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


Find the conditions that the roots of «*+px+q=0 may not lie between 
—land +1. 


209. Proposed by PROFESSOR E. B. ESCOTT, Ann Arbor, Mich. 
Solve, bx? -+-ey? +az*=ba?+cb* +ac?, 
cx® +bz* =ab* +be* +ca?, 
: ayz—abe. 


210. Proposed by B. F. FINKEL, Ph. D., Drury College, Springfield, Mo. 
Simplify, (1879 VY (56) (187) 4/(75)]. 
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GEOMETRY. 


341. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College. 


Given p=cos(m/n)?, where m and 7 are integers without a common 
factor. Deduce rules for finding by inspection: 

(1) The angle between the beginning and end of any loop of this curve; 
(2) The number of distinct loops. TA A loop is a portion of the curve between 
consecutive zero radii vectores. | 


CALCULUS. 


267. Proposed by FRANK LOXLEY GRIFFIN, S. M., Ph. D., Instructor in Mathematics, Williams College. 


A point within an ellipse, upon a normal making an angle ’ with the 
major axis, is arbitrarily chosen. With this point as pole, and the line 
through it parallel to the major axis as polar axis, the equation of the ellipse 
is, Acos*6+ Bceos*?+ Ceos*¢ + Deos 4+ E=0, where the coefficients are func- 
tions of 4, of the radius vector p, and of the distance along the normal to the 
pole, Evidently for p=p,, a solution is cos ’=cos 4. Required the mul- 
tiplicity of this solution for any values of p,, [4+0, 0). 


268. Proopsed — PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 
Determine ¢”, independent of wu, so that the equation 
‘x (u— y) (2p—1)/24 dy=u"™ is satisfied, p and m being positive integers and 
m>?. Do you notice properties of special interest for any special cases? 


MECHANICS. 


223. Proposed by G. B. M. ZERR, A. M., Ph. D., Philadelphia, Pa. 


A sphere, radius r=3 inches, density =11.38, falls from a height h= 
500 feet, into a lake depth /=40 feet. Find time of falling to surface of lake, 
time of "falling from surface of lake to bottom, and total time of falling. 
Also the velocity at the bottom. 


224. Proposed by G. B. M. ZERR, A. M., Ph: D., Philadelphia, Pa. 


A steel clock spring w= inch wide, t+; inch thick, is wound around 
an axle d==} inch in diameter. Find the greatest available moment for run- 
ning the clock, using a factor of safety f=6. 


NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


159. Proposed by E. B. ESCOTT, Ann Arbor, Mich. 


Show that if the equation y*=2x* —1 be possible in integers, y=24n? 
—1, or 2n* —1, and find three Rod 


AVERAGE AND PROBABILITY. 


200. Proposed by PROFESSOR R. D. CARMICHAEL, Anniston, Ala. 


A line AB=l is extended to P making BP=p. If a point D is taken 
at random in BP, what is the mean value of AD.DP? 


201. Proposed by J. EDWARD SANDERS, Reinersville, Ohio. 


A random straight line is drawn across a circle and another through a 
given point on the circumference. Find the chance that they intersect 
within the circle. 


202. Proposed by F. P. MATZ, Ph. D., Reading, Pa. 


If three chords are drawn at random in a circle, what is the chance 
the center of the circle is enclosed by the three chords, and what is the mean 
area of this enclosing triangle? 


203. Proposed by J. EDWARD SANDERS, tensile, Ohio. 
Find the average length of a hole at random through a given cone. 


MISCELLANEOUS. 


180. Proposed by W. J. GREENSTREET, M. A., Stroud, England. 


1 
Show that 1) 1) (Qn %tan™ the smallest 


value of each inverse function being taken. 


NOTES AND NEWS. 


Dr. Herbert G. Keppel, of Northwestern University, has been elected 
head of the department of mathematics of the University of Florida. 


The next annual meeting of the American Mathematical Society will 
be held at Baltimore, Md., during the holidays in connection with the 
annual conference of the American Society for the Advancement of Science. 


At the meeting of the Central Association of Scienc and Mathematics 
Teachers, held in Chicago, November 27 and 28, 1908, a committee was 
appointed to select material for concrete applications in the teaching of 
geometry. This is a move in the right direction, for without ‘doubt geome- 
try teaching has become too much of an exercise in abstract logic. 


A movement is under way whereby the recently organized Federa- 
tion of Associations of Science and Mathematics Teachers throughout the 
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country may undertake definite work in the matter of educational improve- 
ment in these lines. One important step contemplated is the appointment 
of a representative committee to prepare a national syllabus on geometry. 


In Science, for October 23rd, appears an article by Professor G. A. 
Miller, of the University of Illinois, on the ‘‘Method of Appointment of 
University Professors in Foreign Countries.’’ This topic will also be dis- 
cussed by Professor Wilczynski, of the University of Illinois, at the meet- 
of the Chicago Section of the American Mathematical Society to be held in 
Chicago, January 1 and 2, 1909. 


At the recent meeting of the New York section of the Association of 
Teachhers of Mathematics in the Middle States and Maryland the general 
topic for discussion was: 

‘‘Modern Tendencies in the Teaching of Algebra, or An Evening with 
the Writers of Some of the Modern Text-books in Algebra.’’ 

The speakers were: 

Fletcher Durell, Ph. D., Mathematical Master in the Lawrenceville 
School, joint author, with Edward R. Robbins, A. B., of the Durell and 
Robbins Series; Isaac J. Schwatt, Ph. D., Assistant Professor of Mathematics 
in the University of Pennsylvania, joint author with Dr. G. E. Fisher, of 
the Fisher and Schwatt Series; N. J. Lennes, Ph. D., Instructor in Mathe- 
matics, Brown University, joint author with Dr. H. E. Slaught, of the 
Slaught and Lennes Series. 

The discussions were led by the following: 

Mr. Wm. E. Breckenridge, Stuyvesant High School, New York City; 
Mr. Merle L. Bishop, Boys’ High School, Brooklyn; Mr. Oscar W. Anthony, 
Dewitt Clinton High School, New York City. 


This issue of the MONTHLY was mailed February 1. 


Dr. T. W. Wright, author of a good text-book on Mechanics, Profes- 
sor of Mathematics in Union College, and a subscriber of the MONTHLY from 
the first, died last September. 


Mr. A. H. Bell, of Litchfield, Illinois, a valued contributor and sub- 
scriber of the MONTHLY from its beginning, is still doing civil engineering 
work though he is past 78 years of age. 
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SOLUTIONS OF PROBLEMS.—ALGEBRA. 


A-and B 45 miles apart travel towards each other at rates in Arithmetical Progres- 


a, b, c, d, f, g, h, if, are all real and contain functions of those, positive, show, etc., 

Building and Loan Association, A borrows $500 and agrees to pay $9.50, etc. 46_- 138 
Cubic Equation, certain relation between coefficients and the roots. 295 _______-- 181-182 
Determinant, evaluation of certain, arising in finding inverse of certain transfor- 

Interest, for what fraction ofa year will be the greatest difference between inter- 

est computed by commercial rule and compound? 287 _________-_----__--__- 34 
Induction, Mathematical, prove by, a certain symbolic series will be remainder, 

when function x is divided by (w—a)m, 293___.___.-__.-------------1------ 158-161 
ming. tne, sum @ corte series. 162 
Longitude, find ¢‘fference of, between Philadelphia and Chicago, by means of star 

Means, find approximation to difference of sums of » harmonic and n arithmetic, 

between a and b, a nearly equal to b. 298__._-___--_--_-_._------------------ 202 
Quintic, certain, containing only the 5th and 1st powers of x, prove solvable by 

Quintic, without solving certain solvable, prove irreducible in certain domain, ete. 

172 


Roots of the equation, sin mx—nx cos mx=0, prove certain property of. 300_____ 
Series, to sum, consisting of certain numbers. 292_.__._.____-_-___-_-_----------- 
Series, find sum of certain. 296 


System of Equations, discussion of, proposed by Prof. E. H. Moore. 284.__._...- 
Triangle, sides and area are in arithmetic progression, find values in rational 
integers. 299 
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Water Tank, having two inflow pipes, A, B, beginning to flow at same moment, 


AVERAGE AND PROBABILITY. 


Circle, two random lines cut a given, to find chance they intersect within circle. 


Circle, to find average area of all squares inscribed in sector of. 193 -._-.-------- 189-190 
Circle, a random diameter is given. Find chance that it intersects (1) random 

chord; (2) random chord throigh random point, etc. 195_....---------.---- 210-211 
Square, a point taken at random in a, is center of a circle whose radius is half side 

of square. Find area of part of circle within square. 192-..._.-.---------- 111-112 
Triangle, find mean area of, formed by joining three points taken at random 

CALCULUS. 
Circle, prove that, is only plane curve of constant curvature. 262._......-.------ 206-207 
Circle, arc of semi, stretched out straight and perpendiculars erected, each equal 

Curvature, join of the center of, to origin is «; in usual notation, etc. 164_____--- 234 
Curves, find, possessing the property that the tangents 7 and TQ to inner one al- 

ways make equal angles with tangent TT” to outer. 265... __...----------- 234 
Differential Hquation, solve:certam, ete... 185 
Evaluate certain definite radical integral. 258 __._._..--.------------.----------- 165-166 
Evaluate definite trigonometric integral. 248 __........-.-.---------------------- 13 
Functions, find in terms of x, ci x, co x, defined by certain relations. 251__---_--- 42° 
Helix, wire wound in.form of, find equation of a section of wire by plane perpen- 

Integrate a certain differential equation of second order. 247_____---------- 12-18, 41 
Ike, running to catch Jim, keeping him ‘‘dead ahead,’’ etc. 249_____._____------- 13-14 
Inflections, to find maximum number of, in two certain quartic cufves, etc. 253-- 90 
Point, find, such that sum of squares from n given points shall be minimum, etc., 263 233-234 

* Prove certain summation equal to a given number. 261__------..------. ..------- 206 
Prove certain summation equal to a given number. 256.-..-.-------------------- 137-138 
Prove two certain definite integrals equal. 257_-_..----------------------~------- 164-165 
Value, find general, of wu and v in terms of x, satisfying certain differential equa- 

GEOMETRY. 
Circles, lines drawn from fixed point P; meeting circle in P2, find locus of point P 

Circle described around origin. At end of a uniformly revolving radius, a line 

Circle, encloses two tangent circles, find nth tangent circle. 326.__..._.-...-_--_- 133-134 


Circle, to find locus of fixed point of, rolling along axis of upright cylinder, ete. 329, 164 
Curves, find all, such that normal lengths intercepted by coordinate axes are in 


Line, pivoted at origin, revolving with constant angular velocity, intersects another, 


Lines, determine analytically when three in plane, appear of same length. 335___ 230-230 
Parabolas, co-vertical, axes at right angle. Circle is drawn and cut by straight 
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Right-angle, to prove greater than a right-angle. 205 
Sphere, to find volume of certain part of hemisphere. 328______._-.-.----.-___---- 162-163 
Spheres, center of two, are at extremity of aline, 2a, in which, as diameter, a cir- 

cleis described. Find point in circumference from which maximum spherical 


Surfaces, find all, such that normal lengths intercepted by coordinate planes are in 

Tangents, spherical, from any point in produced spherical chord to two intersecting 

Triangle, bisectors of base angles equal, to prove triangle isosceles. 123 _________ 37 


Triangle, from point in plane of, perpendiculars are demitted upon sides, etc. 820 387-40 
Triangle, isosceles, through any given point P in plane a line is drawn cutting sides 

Triangle in triangle is formed by joining feet of medians, ete. 327 ___.-..-.____ 135-136 
Triangle, through point in plane of, to draw line so as to divide perimeter into two 


MECHANICS. 

Circle, two uniform hinged rods are placed over smooth vertical, etc. 213____.___ 187-188 
Curve, determine, along chord of which a particle will slide under force of gravity, 

Circles, give axomatic principle of physics which is equivalent to theorem of com- 

Elliptic wire, axis verticle, has small ring sliding on it connected by elastic string 

Earth, given distance from sun, radius, mass, etc., find total energy in ergs (2), 

Forces, two centers of attraction, having given ratio and influence reducing as sec- 

Foundation, distribution of weight of, is W pounds per sq. foot. Show that foun- 

dation must hé eunk that ete: 168 42 
Particle, inelastic, is projected in direction BD, ete. 214____-.-------------------- 188-189 
Parabola, portion of, bounded by curve, axis, and ordinate, ete. 207___-_.-------- 114 
Pegs, a vertically over b. A string, AD, with two jointed rods, ete. 212_-___._-- 167 
Rod, length a3%, weight aW, has at each end a smooth ring which can slide on 

Scale Pans, hanging at rest over pulley, two particles are let fall into each, ect. 208 15 
Triangle, formed of three weightless rods, mid point of which are smooth rings, 

MISCELLANEOUS. 
Angles, given two small, to show an approximate value of their ratio. 172._..142, 190-191 

Find finite values of k in» log ) |. 20 
Find rational number such that /n<r<)/m, mand real. 170... 44-45 
Limit [¢(x) +¢(x) as x+a]=4, show, ete. 171 .....-...-.--..---------- 45 
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NUMBER THEORY AND DIOPHANTINE ANALYSIS. 


Find multiply perfect numbers of 7 prime factors, etc. 148 

Find prime numbers p for which x 2—pxz—px—z-+-p 2—3=0, has more than two sets 
of positive integral solutions. 

First of Williams’ 14 challenge problems. 

Find two nuinbers whose difference is equal to difference of their cubes. 146 

Highest factor, given, of prime contained in factorial m, etc. 141 

If 4n-+-3 is prime, 2(4n!)+1 is divisible by 4n+3, etc. 147 

Ninth of Williams’ 14 challenge problems. 

Prime, if p is, (p4—1)(p2—1) has no factor of form 1+-p3z, etc. 


Prove geometrically, [= [np], ete. 152... 235-236 
n= n= 
p and q primes, mand any integers, find cases in which pm—gn =1 is satisfied. 155 236-237 
Series, in recurring, w3=0, w2=2, where scale of relation is un+3= 
Un+1-+Un, prove, etc. 
Twelfth of Williams’ 14 challenge problems. 
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